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Fracture Mechanics
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• Quasi-static, loading parameter (“time”) t 

• Boundary displacement u(t) = wt on ∂DΩ 

• Boundary and body forces ft, gt.


• Single crack Γ(l) with length l propagating along 
a known path in 2D


• Equilibrium displacement u(t,l) 
• Potential energy = mechanical energy of 

equilibrium displacement.

Revisiting Griffith’ argument
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P(t, l) := E (t; l, u(t, l))
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Griffith argument:

• Crack growth hypothesis: 

l(t) non-decreasing function of t


• Fracture energy proportional to crack length: 
Gc: rate of energy per unit of length (area)


• Stability principle: for any Δl ≥ 0 

• Stability principle: if             , for any Δl ≤ 0

P(t, l(t) +�l) +Gc�l � P(t, l(t))
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Revisiting Griffith’ argument
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A variational view of Griffith theory
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• Griffith solutions are minimizers of                       under a crack growth 
constraint.


• Variational view of Griffith at all t, find (u(t),l(t)) minimizing


amongst all l such that l > l(s) for all s < t, v admissible.

E(t, v, l) :=
Z

⌦\�(l)

1
2A e(v) · e(v) dx� L(t; v) +Gcl
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Francfort-Marigo JMPS ’98, B-Francfort-Marigo J. Elast. ’08

P(t, l(t)) +Gcl(t)
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• Griffith energy in variational form


• Generalized energy for any path:


• Francfort-Marigo ’98: at each t, find u, Γ minimizing    under crack growth 
and energy balance constraints (unilateral minimality)


E(t, u, l) :=
Z

⌦\�(l)

1
2A e(u) · e(u) dx� L(t;u) +Gcl
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Francfort-Marigo JMPS ’98, B-Francfort-Marigo J. Elast. ’08

Francfort-Marigo’s variational model

E(t, u,�) :=

Z

⌦\�

1
2Ae(u) : e(u) dx� L(u, t) +GcH

n�1(�)
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E
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“The "theorem of minimum energy" may be extended [...] if account is 
taken of the increase of surface energy which occurs during the formation 
of cracks.” - Griffith 1921



Francfort and Marigo’s variational approach
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• Total fracture energy consistent with that of Griffith in variational form 

• Crack path is part of the minimization problem (Free Discontinuity problem).

• No hypotheses on crack geometry, (including connectivity, topology etc).

• Solution consistent with Griffith in variational form.

• No forces!

• Can be extended to account for:

• Unilateral contact;

• Non homogeneous, non-isotropic materials;

• Non-linear elasticity;

• …

Francfort-Marigo JMPS ’98, B-Francfort-Marigo J. Elast. ’08

E(t;u,�) =

Z

⌦\�

1

2
A e(u) · e(u) dx� L(t;u) +GcH

n�1(�)
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Generalized Ambrosio-Tortorelli functional:


Γ—convergence to Francfort-Marigo variational energy:

• Static scalar problem: B ’98, Braides ’98:

• Finite element approximation if h ≪ 𝓁: Bellettini-Coscia ’94, B ’98, 

Ortner-Burke-Sülli ’10, ’15.

• Quasi-static evolution: Giacomini ’05:

• Linearized elasticity: Chambolle ’04, ’06, Iurlano ’13,’14,’18.


MANY extensions, implementations


Variational Phase-Field models
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a(0) = 1, a(1) = 0, w(0) = 0, w(1) = 1, cw =

Z 1

0

p
w(s) dx

<latexit sha1_base64="xJKNyhYjAwdDuDkJqu7YhYpgoNA="></latexit>

E`(u,↵) :=
Z

⌦
a(↵)W (e(u)) dx+

Gc

4cw

Z

⌦

w(↵)

`
+ `|r↵|2 dx
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B-Francfort-Marigo JMPS ’00, B, IFB 07, B-Francfort-Marigo J. Elast. ’08



Construction of optimal profile as part of Γ-convergence recovery sequence.


AT1 and AT2 models

�9

AT2: E`(u,↵) =
Z

⌦
(1� ↵)2W(e(u)) dx+

Gc

2

Z

⌦

↵2

`
+ `|r↵|2 dx

AT1: E`(u,↵) =
Z

⌦
(1� ↵)2W(e(u)) dx+

3Gc

8

Z

⌦

↵

`
+ `|r↵|2 dx

AT1AT2



Numerical Implementation
• Time discrete alternate minimization algorithm.

• At each time step: iterate until convergence

• Minimization w.r.t u (elastic equilibrium).

• Constrained minimization w.r.t α (variational inequality).


• Globally stable, convergence to a critical point of the regularized energy, 
monotonically decreasing energy. B ’07, Burke-Ortner-Süli ’10, ‘13.


• Backtracking algorithm: additional optimality conditions in trajectory 
space.


• mef90: unstructured parallel finite element, based on MPI + PETSc, scales 
up to thousands of cores. http://bitbucket.org/bourdin/mef90-sieve  
docker hub: bourdin/mef90-mpich


• Coupled minimization algorithms (Farrell-Maurini IJNME ’17, Gerasimov-De 
Lorenzis, CMAME ’17, Wick ): fast in convex regions (stable crack 
propagation), unstable / unpredictable otherwise.

!10

http://bitbucket.org/bourdin/mef90-sieve


Variational Phase Field models
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B-Chukwudozie-Yoshioka SPE ATCE,  2012

Leon-Baldelli et al JMPS, 2014

C.-J. Hsueh and N. Broadnik



“our” phase-fields vs. “your” phase-field
Modica-Mortola (rescaled GL free energy): double well potential.


• Free boundary problem, blow-up limits = surfaces with constant curvature 


• Gradient-flow converges to mean-curvature motion;


• Cannot localize (nucleation requires concentrated driving forces); 


• Interfaces can (should) move even without driving force.
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P`(↵) =
1

2cW

Z

⌦

W (↵)

`
+ `|r↵|2 dx
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P`(↵)
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N�1 (@D) , ↵ ! �D;
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Surface energy:
Elastic energy:

δ

“our” phase-fields vs. “your” phase-field
Ambrosio-Tortorelli: single well potential.


• Free discontinuity problem, blow up limits (2D): line, Y junction, crack tip;

• Evolution by unilateral minimization (criticality + stability). Convergence of 

gradient flows is an open problem;

• Interfaces cannot move under non-singular driving forces (irreversibility + 

energy balance), crack-tip motion requires driving force in            ;


• Nucleation possible even with constant driving force.
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E`(u,↵) :=
Z

⌦
a(↵)W (e(u)) dx+

Gc

4cw

Z

⌦

w(↵)

`
+ `|r↵|2 dx
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Homogeneous isotropic material with initial crack, AT1 model.

Elastic energy release rate computed with the G𝜃 method or J-integral

Translating boundary displacement.


AT1 Surfing

�14Tanné-Li-B-Marigo-Maurini JMPS ‘18
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• Double Edge Notch test with 4 notch geometries, uniaxial tension

• Fixed geometry, nucleation load vs 𝓁, h/𝓁 constant

Nucleation

�15
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1D problem - AT1 vs AT2
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1D problem - AT1 vs AT2



1D problem

�18Pham-Amor-Marigo-Maurini IJDM 2011, Pham-Marigo-Maurini JMPS 2011

AT1 and AT2 models behave differently at fixed 𝓁:


Construction of elastic and homogeneous states (α=cst)


AT2: E`(u,↵) =
Z

⌦
(1� ↵)2W(e(u)) dx+

Gc

2

Z

⌦

↵2

`
+ `|r↵|2 dx

AT1: E`(u,↵) =
Z

⌦
(1� ↵)2W(e(u)) dx+

3Gc

8

Z

⌦

↵

`
+ `|r↵|2 dx
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1D problem
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AT1 and AT2 models behave differently at fixed 𝓁:


Construction of elastic, homogeneous and localized states, stability analysis


AT2: E`(u,↵) =
Z

⌦
(1� ↵)2W(e(u)) dx+

Gc
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Z

⌦

↵2

`
+ `|r↵|2 dx
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AT1 and AT2 models:


Regularization parameter 𝓁 is not an independent parameter. 


𝓁 is the material’s characteristic/internal length, depends on  σc, and KIc:

1D problem

�20Pham-Amor-Marigo-Maurini IJDM ’11, Pham-Marigo-Maurini JMPS ’11
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Figure 2: Response and stability of the homogeneous solutions of the one-dimensional
traction problem for the AT1 (left) and AT2 (right) models from [64]. fig:homogeneous-strain-stress

FIXME:modify captions in graphs

model w(↵) a(↵) �e �c D cw
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Table 1: Properties of the gradient damage models considered in this work. tab:models

sequence of unilateral minimization problems (5) is solved using the alternate minimization
algorithm of [20]. Minimization with respect to u is a simple linear problem solved using
preconditioned gradient conjugated while constrained minimization with respect to ↵ is
reformulated as a variational inequality and implemented using the variational inequality
solvers provided by PETSc [9, 8, 7]. The time evolution of the elastic and dissipated
energies shown in Figure 3(a) match the behavior described above with an elastic phase
(quadratic elastic energy and null surface energy) followed by the nucleation of a single
full localization (constant surface energy GcW and null elastic energy).

One can argue that the evolution obtained through time-discrete local minimization
of (5) is more physical that global minimization of (1), due to the existence of a critical
material’s strength. However, a major caveat is that energy balance may not be satisfied at
all time, as indicated by the drop of the total energy upon crack nucleation in Figure 3(b).
Note that to this day, devising an evolution principle combining the strength of (5) while
ensuring energy balance is still an open problem.

From Table 1, we observe that knowing a material’s toughness, Young’s modulus and
strength, it is possible to fix ` in such a way that �c matches the material’s strength, i.e.

`1 :=
3

8

GcE

�2
c

=
3

8

K
2
Ic

�2
c

, (7) eq:ellAT1

for the AT1 model and

`2 :=
27

256

GcE

�2
c

=
27

256

K
2
Ic

�2
c

, (8) eq:ellAT2

for AT2. In what follows, we use the notation `1 and `2 when the internal length parameter
is seen as a material property, but keep the usual notation ` when we study its influence
on the response of a material.
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• Lab experiment: thermal shock in glass, quenching of ceramic plates.

• Original motivation: thermal reservoir stimulation.


• Uncoupled problem: effect of crack geometry on heat transfer neglected.


• Dimensional analysis: only one parameter 


Thermal shockThermally induced interacting cracks in brittle solids 

Fig. 5. Crack regime for plate with initial cracks; crack ends are marked at the end of the experiment and 
further crack extension is denoted by crosses. 

was tested at room temperature. Initial cracks spaced at 2.5 cm and 0.7 cm deep all became 

Fig. 5. Crack regime for ini~~~y cracked plate tested at room tem~rature. 

active while undergoing stable growth. The crack lengths for each of the three layers were 
consistent. Figure 7 presents a distinct picture of near ideal behavior. This single strength glass 
was heated to 52°C with initial cracks 1.3 cm fang spaced at 2.5 cm. All cracks became active 
while growing stably to three crack levels. 

The qualitative pattern displayed in these experiments agrees well with the theory. 

4. CALCULATIONS AND QUANTITATIVE COMPARISONS 
The q~nti~tive results compare reasonably well with the theoretical values. The following 

glass properties are used for the calculations: E = 6.9 X 10” N/m’, Y = 0.23, coefficient of 
thermal expansion & = 8.5 x 10-610C, critical stress intensity factor K, = 0.5 MN/m”‘, and 
surface energy y = 1.8 N/m, 

The minimum crack spacing can be calculated by an energy consideration[4], which for 
plane stress leads to 

bz 2Y 
6*EK,,Tez’ 

where K. is a numerical parameter depending on the temperature profile, Using & = 0.1 for 

354 J. F. GEYER and S. NEMAT-NASSER 

Fig. 7. Crack regime for plate with initial cracks: crack ends are marked at the end of the experiment, 

involved temperature profile and T,, = 263°C we obtain b = 0.010 cm. For the first set of tests 
with no initial cracks, a spacing of 1.0 cm is observed. This indicates that only a small portion of 
the energy available to generate new crack surfaces was thus used. The surplus energy 
available could explain why a few cracks extend dynamically far into the no-tension zone. 

The theoretical crack lengths for the plate tested at room temperature (shown in Fig. 6), will 
next be calculated. The dimensionless quantities are: A = 6/b, a = h/b, N = KJ(~(2n)$T,,~b), 
where S = thermal depth, b = crack spacing, h = crack length and /.? = LEE. The initial dimen- 
sionless stress intensity factor for b = 2.5 cm and r,, = 100°C is N = 0.021. From the graphs 
found in [71, (see Appendix A), the critical N = 0.021 corresponds to A = 1.4 and a = 1.2. Since 
the initial crack length h = 0.8 cm yields a = 0.3 which falls below the critical a = 1.2, all the 
cracks should be active and grow to a length of h = 3.0 cm before stopping. Then alternate 
cracks remain stationary while others grow with a spacing of 5.0 cm. The critical N then is 
0.021/-\/2 = 0.015, due to the doubling of the crack spacing. This new value of N relates to 
A = 1.6 and a = 1.4. Thus the second level of cracks should be at a length h = (1.4)(5.0 cm) = 
7.0 cm. Proceeding likewise the length of the third level would be 17.6 cm. The actual lengths of 
the three levels of cracks average to 1.8 cm, 5.8 cm and 7.1 cm, compared to the theoretical 
3.0 cm, 7.0cm and 17.6 cm. The length of the third level is much lower than the theoretical 
value because these cracks lack enough thermal driving force to extend to a length where they 
would interact. The other two values do not correlate exactly for many reasons. The material 
properties used are only estimates for glass and could differ from the particular values for these 
plates. The theoretical calculations are based on an assumed error function temperature 
distribution which probably does not agree exactly with the actual profile, particularly for the 
first crack level. Had the initial imperfections in crack spacing been accounted for, the 
theoretical crack lengths would decrease and be closer to the actual values. Considering the 
assumptions in the theory and other properties, the quantitative correlation was not too bad. 
Qualitatively the results looked very good. 

When these calculations are applied to the heated plates the comparison is similar. For 
example the cracks pictured in Fig. 5 are examined. The initial dimensionless stress mtensity 
factor for b = 1.3 cm and T,= 200°C is N = 0.016, which corresponds to A = 1.5 and a = 1.3. 
The actual value of a = 1.4 lies above this critical value so the first level of cracks would not 
become active. The predicted length of the first level is h = (1.3)(1.3 cm) = 1.7 cm at which 
alternate cracks stop. The next set of cracks should have grown until N = 0.016/V/2 = 0.011 or 
a = 1.6 or h = (1.6)(2.5 cm) = 4.0 cm. Similarly the third level should have stopped at a lengfh of 
9.7 cm, while the fourth level at 25.1 cm. The observed levels averaged to 1.8 cm, 3.3 cm, 6.4 cm 
and 13.7 cm, compared to the predicted 1.7 cm, 4.0 cm, 9.7 cm and 25.1 cm. The fourth layer as 
before did not reach its final length of interaction so these values should not be compared. The 
theory predicts every other crack should be active, which compares well with the observed 
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experimental data from Ref. [20] by plotting the average
crack spacing d as a function of the distance a to the edge
exposed to the thermal shock for the final configuration;
the agreement is striking. Note that in the experimental
results shorter cracks are probably filtered out by the
adopted experimental crack detection methods [17]. In a
first regime, very short equidistributed cracks nucleate (the
plateaus of the crack spacing for short depth in the numeri-
cal experiments), followed by selective arrest and period
doubling (see the Supplemental Material [22]). In the
central region of the plot, we can compare experimental
and simulation data with a scaling law obtained in Ref. [13]
through linear fracture mechanics calculations by impos-
ing a bifurcation condition between crack propagation
modes with period doubling or not (solid line). For larger
values of a, we observe the final crack arrest caused by the
finite size of the sample, again in very good agreement with
the experiments. Whereas classical theories can be applied
in the second and third regimes consisting of fully devel-
oped cracks, they cannot properly account for the nuclea-
tion phenomenon observed here without preexisting flaws.
Our simulations are initialized with a null damage field, an
homogenous material, and an unflawed geometry. The
crack nucleation is due to the softening character of the
material behavior.

The second series of simulations focuses precisely on
the crack nucleation process and, hence, on short times. In
this setting, one can assume that the domain is semi-
infinite, so that the geometric parameter L=‘ is infinite
and the only parameter is the intensity of the thermal shock
‘0=‘. For an undamaged material, the stress is uniaxial and
reaches its maximum value !max¼ E"!T at the surface
of the thermal shock. Since ð!max=!cÞ2 ¼ 3‘=8‘0, for
mild-enough thermal shocks (‘0=‘ > 8=3), the critical
stress is never reached and the solution remains elastic at
all time. If ‘0=‘ < 8=3, damage takes place at t ¼ 0, is
homogeneous in the horizontal direction, and non-null in a
band of finite thickness D, which penetrates progressively
inside the body until a critical time t$. At t ¼ t$ the
horizontally homogeneous solution becomes unstable and
the damage field develops oscillations of periodicity #$

[Fig. 2(a)]. The analytical solutions for the damage field in
the first stage of the evolution and its bifurcation and
stability analysis are reported in Ref. [23], providing semi-
analytical results for the periodicity #$, the damage pene-
tration D$, and the time t$ at the bifurcation. Here, we
perform several simulations varying ‘0=‘ and detect the
critical parameter at the bifurcation. In Fig. 2(b) the nu-
merical simulations (dots) are compared to Ref. [23] (solid
lines). The good agreement provides an excellent verifica-
tion of our numerical model. For severe shocks (‘0 % ‘),
the results disclose a well-definite asymptotic behavior

with #$ &
ffiffiffiffiffiffiffiffi
‘0‘

p
, D$ &‘, and t$ &‘0‘=kc. In this regime

we observe numerically that all oscillations at the bifurca-
tion develop in fully formed cracks (max$ ¼ 1), which is

not the case for milder shocks (‘0 &‘). However, the full
postbifurcation analysis remains an open problem at this
time.
Experimental studies show that in three dimensions,

cracks delineate cells with coarsening polygonal cross
sections [24]. Because of the complexity of the problem,
the few available theoretical and numerical studies are
based either on simplified two-dimensional models
[25,26] or on strong assumptions on the crack geometry
[27]. The numerical simulation and analysis of the full
three-dimensional problem is a major challenge for classi-
cal fracture mechanics tools and remains, therefore, largely
unexplored.
Figure 3 is a three-dimensional version of the simulation

from Fig. 1 on a plate of thickness 1 mm, for increasing
values of !T. The fracture geometry is represented
by the level surface $ ¼ 0:95. In order to reduce the

(a)

(b)

FIG. 2 (color online). Crack nucleation. (a) Damage field near
the shock surface before (left) and after (right) bifurcation time
t$ for ‘0=‘ ¼ 0:107 showing the bifurcation of a horizontally
homogeneous damaged band of depth D$ toward a periodic
solution with wavelength #$. (b) Wavelength, time, and damage
penetration in numerical simulations for several intensities of the
thermal shock ‘0=‘ (dots), compared to the semianalytical
results from Ref. [23] (solid lines).

(a)

(b)

(c)

(d)

FIG. 3 (color online). Three-dimensional version of the ex-
periment from Fig. 1(b) showing the transition from two- to
three-dimensional crack patterns. The simulations are performed
on a subdomain of dimension 5'1'1 mm and temperature
contrast (a) 380 (C (‘0 ¼ 0:27‘), (b) 480 (C (‘0 ¼ 0:17‘),
(c) 580 (C (‘0 ¼ 0:12‘), and (d) 680 (C (‘0 ¼ 0:08‘).
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Thermal shock problem revisited

Sicsic-Marigo-Maurini, JMPS 2013

Construction of elastic and homogeneously damaged solutions

For high enough temperature contrast:


Elastic solution

Homogeneous damage

Localization with spacing λ, depth D .




• E = 340 GPa, ν = 0.22, Gc = 42.47 Jm-2, σc = 342.2 MPa,  𝓁 = 456.24 μm

• 1 ⨯ 9.8 ⨯ 50 mm Al2O3 ceramic sample, 𝓁0 = 14 μm

�23

Validation: experiment vs. simulation
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2d to 3d transition
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2d to 3d transition
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Full 3d computation

44M elements, 1536 cores (stampede, TACC), 10h.
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Full 3d computation

44M elements, 1536 cores (stampede, TACC), 10h.



Notch angle 2𝜔, mode-I, singularity exponent λ(𝜔):

Extreme cases:

• 𝜔 = 0, λ=1/2: Griffith regime, progressive growth when KI   = KIc.

• 𝜔 ∼𝜋/2,  λ=1: uniaxial stress state near notch tip, nucleation at σc.


Intermediate angles:

• Nucleation impossible, according to Griffith / “local minimization”.

• Critical stress always exceeded (“weak” singularity).

Strength to toughness paradox
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Notch angle 2𝜔, mode-I, singularity exponent λ(𝜔):

Generalized Stress Intensity Factor:

Extreme cases:

• 𝜔 = 0, k = KI.

• 𝜔 =𝜋/2,  k = σyy.


Initiation at a notch

�29

� π /� π /�
���

���

���

���

���

���

ω

λ(
ω
)

k = lim
r→0

σθθ(r,0)
(2π r)λ−1



Initiation at a notch, AT1
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Effect of internal length: 


Critical generalized SIF vs notch angle 




Validation: V-notch, GSIF
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Validation: V-notch, GSIF
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HOMELITE

V-notch, cGSIF vs Gómez-Elices IJF ’06, Seweryn EFM ‘94



Validation: V-notch, crit. load
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Current state of phase-field fracture models
Dual view of Variational Phase-Field fracture models.

• Regularization method for the variational approach to fracture:

• Crack propagation insensitive to a,w and to some extend 𝓁.

• Strong influence of a,w,𝓁 on nucleation.


• Gradient-damage models with 𝓁 =  𝓁ch = O(KIc2 / σc2)

• Effect of a,w on nucleation can be understood by stability analysis.

Predictive, validated theory for propagation and nucleation in brittle 
materials (see also Pham-Ravi-Chandar-Landis, IJF, ’17).


Variational phase field models of fracture provide a unified 
way to recover well-accepted propagation and nucleation 
criteria from a variational model. They involve the same 
characteristic length as cohesive laws while remaining 
faithful to Griffith’s postulates.

!34



Toughening in the brittle regime
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Commonly accepted toughening mechanisms:


• Crack path deviation, bridging;

• Dissipation by microscopic cracks;

• Plastic dissipation, ductile effects.


What is toughening, “effective toughness” of heterogeneous materials?


• Giacomini ’05: elastic and fracture properties homogenize separately, 
effective toughness through Γ-limit.


• Hossain-Hsueh-Bhattacharya-B JMPS ’14: mechanism to compute 
effective toughness:

• Surfing BC at macroscopic scale, free path at microstructure scale.

• Compute the peaks of the ERR (driving force to obtain steady state).


Hossain-Hsueh-Bhattacharya-B JMPS ‘14
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Fig. 10. Asymmetric three-point bending experiment configuration II: comparison of crack path (0.9  ↵  1 in red) with experimental data [43]
(left) original backtracking (right) deep backtracking. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

Fig. 11. Asymmetric three-point bending experiment smeared fracture field ↵ at nucleation for configuration II using (left) deep backtracking
(middle) original backtracking (right) no backtracking.

backtracking. We note a significant difference between the numerical and experimental solution as our numerical
simulation consistently lead to a crack reactivating out of the top hole, at its onset.

Again, no significant difference in the primary crack path (from the notch to the first intersection with one of
the holes) was observed when the numerical simulations performed were done using different combination of the
auxiliary deep backtracking parameters (i.e., direction, scope, interval).

4.3. The Nooru-Mohamed tension shear experiments

In the Nooru-Mohamed tension shear experiment, the double-edge-notched specimen is subject to mixed tensile
and shear loads [52]. The result of this experiments has been used for validation purposes in number of articles
[53–56]. Fig. 13 shows the schematic of the test specimen and Table 5 summarizes the material properties used in the
numerical simulations. Here the loading protocol 4b, as defined in [52] was investigated numerically. This protocol
specifies the loading path as follows: (i) apply constant shear load fs while keeping fn ⌘ 0, (ii) apply monotonically
increasing fn while keeping fs constant. In the experiments, proper care was taken to ensure that the direction of the
two loads always remained perpendicular; to achieve the same results in the simulation, the elastic step of alternate
minimization was obtained by superposition of three loadings as depicted in Fig. 14.

V&V: “Bittencourt’s door”

Mesgarnejad-B-Khonsari, CMAME ’15



V&V: L-shaped plate

Mesgarnejad-B-Khonsari, CMAME ’15

426 A. Mesgarnejad et al. / Comput. Methods Appl. Mech. Engrg. 290 (2015) 420–437

Fig. 1. Schematics of the L-shaped plate experiment from [43], ↵ ⌘ 0 in gray areas.

Fig. 2. Crack path in the L-shaped plate: comparison of the numerical simulations results with experimental data (in gray) from [43]. Crack path
(0.9  ↵  1 in red) for the characteristic approximation length (left) h = 0.3125 mm and ✏ = 1.5625 mm. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Table 1
Material properties for the L-shape plate [43].

E (GPa) ⌫ Gc (N m�1)

25.85 0.18 95

where crack nucleation was expected. In all cases, we observed an elastic phase, followed by the sudden nucleation
of a short crack originating from the corner of the domain and subsequently propagating in a stable manner.

As expected, we observed that the crack path is not affected by the choice of the backtracking algorithm. Fig. 2
shows the final crack path for two different values of the regularization parameter ✏. In both cases, the computed crack
path falls within the range of experimental observations from [43], but the initial crack angle exhibits some sensitivity
upon the value of ✏.

A closer look at crack nucleation highlights how the backtracking algorithm has little influence on the crack angle
and length at activation, as demonstrated by Fig. 3 and Table 2 showing the crack geometry and critical activation load
for the standard and deep backtracking algorithm, and two values of ✏. As expected, the standard backtracking leads
to lower critical load at nucleation (see Table 2). Deep backtracking with a forward direction, an interval bi = 1 and
a scope bs = 1 leads to a shorter crack, and an even lower critical load, which is consistent with the fact that this
algorithm is more exploratory than the original one.
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where crack nucleation was expected. In all cases, we observed an elastic phase, followed by the sudden nucleation
of a short crack originating from the corner of the domain and subsequently propagating in a stable manner.

As expected, we observed that the crack path is not affected by the choice of the backtracking algorithm. Fig. 2
shows the final crack path for two different values of the regularization parameter ✏. In both cases, the computed crack
path falls within the range of experimental observations from [43], but the initial crack angle exhibits some sensitivity
upon the value of ✏.

A closer look at crack nucleation highlights how the backtracking algorithm has little influence on the crack angle
and length at activation, as demonstrated by Fig. 3 and Table 2 showing the crack geometry and critical activation load
for the standard and deep backtracking algorithm, and two values of ✏. As expected, the standard backtracking leads
to lower critical load at nucleation (see Table 2). Deep backtracking with a forward direction, an interval bi = 1 and
a scope bs = 1 leads to a shorter crack, and an even lower critical load, which is consistent with the fact that this
algorithm is more exploratory than the original one.

428 A. Mesgarnejad et al. / Comput. Methods Appl. Mech. Engrg. 290 (2015) 420–437

Fig. 4. Applied force as a function of the vertical displacement at the lower left corner of the plate: comparison of the numerical simulations results
with the experimental data (in gray) [43] crack path (0.9  ↵  1 in red) for the characteristic approximation length (left) ✏ = 3.125 mm (right)
✏ = 1.5625 mm. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. Force–displacement curve, damage at the critical load and upon final crack evolution for the L-shaped domain with an internal length
derived from the material’s yield stress, and showing large diffuse damage.

4.2. A three-point bending experiments

In order to highlight the differences between standard and deep backtracking, we turn our attention an asymmet-
rically notched three-point bending experiment on Plexiglas sheets originally described in [47]. The experiment was
designed so that small variations of the sample geometry and loading would lead to large changes in crack path, and is
therefore a good test when estimating a method’s ability to identify crack path [48–51]. The sample geometry and its
loading are shown in Fig. 7, the material properties in Table 3, and the location and length of the initial crack in two
different configurations in specific values of the location of the top, middle and bottom holes (indicated respectively
by T, M, and B) in Table 4.

In order to reduce the computational cost and eliminate the need to deal with potential compressive cracks around
the support and force application points, we used a coarse mesh and forced ↵ = 0 in the area shown in gray in Fig. 7.
The central part of the domain was meshed with linear triangular finite element with an average edge length of average
0.01 in. (.254 mm), for a total of approximately 1.35 million elements.
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Fig. 16 Geometry for a
modified compact tension
specimen with crack under
mixed-mode I+ II loading
(left), and the final crack
path for specimen CT_31
(right)
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Fig. 17 Experimental results for mixed-mode I+ II loading of
specimens CT_31, CT_32 and CT_33 with the initial straight
cracks of length a = 13.47, 14.01, 12.98mm, respectively (the
hole is located at b = 15.80mm). a The crack paths are plotted
(the reference is taken to be the tip of the notch). b Load versus
COD. First, the CT specimens were loaded to grow the straight
mode I cracks of initial length a (family of curves labeled Step
1). Then, a hole was introduced into these specimens and they
were reloaded (family of curves labeled Step 2)

with the initial crack length measured from the fracture
surface. Thismesh contains approximately 52,000 hex-
ahedral elementswith only one element in the thickness

direction with periodic boundary conditions imposed
in this direction. The region that contains the expected
path of the crack was meshed with very small element
size of h = l0/4, where l0 = 100µm; both structured
and unstructured mesh geometries were used in order
to evaluate potentialmesh effects on the crack path. The
initial natural crack which was generated by the razor
blade impact in the experiment is modeled by prescrib-
ing the phase-field nodal value to zero for nodes on
the central line element within the initial crack length.
The simulationwas performed by incrementing the dis-
placements at the nodes corresponding to the loading
pins in the experiment (identified as points A and B
in Fig. 18). This simulation was run on 80 processors;
and it took about 2h to complete (each staggered iter-
ation took about 500 iterations to converge). The sim-
ulation results and comparison with experimental data
for specimen CT_24 are shown in Fig. 19, where the
load-COD variation as well as the crack length vs COD
variation are shown. The crack “tip” in the phase-field
simulation was identified as the farthest location from
the notch, along the initial crack line at which the phase
field parameter reached its critical value cc. The load-
COD curve from the simulation matches the experi-
mental result very well, with an initial elastic response
of a stationary crack up to a CODof about 0.16mm and
then followed by a drop of the load as the crack begins
to grow. Crack growth followed the line of symmetry
for this mode I loading condition; the load-COD curves
from both simulation and experiment agree well with
each other during this stage. Considering the fact that
repeated experiments on nominally the same geome-
try resulted in crack initiation at different critical lev-
els, (mainly as a result of possible bluntness and other
irregularities of the crack tip) both load-COD and crack
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Fig. 20 a The crack path
for the simulation based on
the geometry of specimen
CT_31 using a uniform
mesh. b The iso-volume
plots of the phase-field
variable between 0 and 0.01
for the structured mesh and
unstructured mesh
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Fig. 21 Comparison between experimental results and the sim-
ulation with the geometry based on the specimen CT_31

since it can represent the curvature of the crack path
under mixed-mode I+ II better. The crack paths for the
unstructured meshes size of h = l0/16 and h = l0/4
are not significantly different, but the load-COD curves
are not the same and have a small deviation. This can
be explained by the fact that the fracture energy release
rate amplification formula proposed by Bourdin et al.
(2008 ) is not an exact formula but an approximation.
The smaller mesh size simulation gives a closer load-
COD behavior for the elastic portion where the crack
has not grown. For both meshes, the critical loads are
higher in comparison to the experimental data. The
simulations using unstructured meshes can predict the
crack path very close to the experimental data, but the
load-CODcurves still exhibit discrepancy. The discrep-
ancy may be caused by the difference in the boundary
conditions enforced in the simulation and the actual
boundary conditions used in the experiments: the pin
supports for the two pin-holes must be modeled as con-
tact boundary condition in the simulations, but the cur-
rent version of our code is not able to handle this kind
of boundary conditions. For the case of mode I loading
discussed in previous section, the crack grows along
the surface of symmetry, thus the specimen rotation is
small. In the case of mixed-mode I+ II the crack goes
off the plane of symmetry which causes the rotation of
specimens. The boundary conditions used in our code
prevent this rotation; and this causes some discrepancy
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since it can represent the curvature of the crack path
under mixed-mode I+ II better. The crack paths for the
unstructured meshes size of h = l0/16 and h = l0/4
are not significantly different, but the load-COD curves
are not the same and have a small deviation. This can
be explained by the fact that the fracture energy release
rate amplification formula proposed by Bourdin et al.
(2008 ) is not an exact formula but an approximation.
The smaller mesh size simulation gives a closer load-
COD behavior for the elastic portion where the crack
has not grown. For both meshes, the critical loads are
higher in comparison to the experimental data. The
simulations using unstructured meshes can predict the
crack path very close to the experimental data, but the
load-CODcurves still exhibit discrepancy. The discrep-
ancy may be caused by the difference in the boundary
conditions enforced in the simulation and the actual
boundary conditions used in the experiments: the pin
supports for the two pin-holes must be modeled as con-
tact boundary condition in the simulations, but the cur-
rent version of our code is not able to handle this kind
of boundary conditions. For the case of mode I loading
discussed in previous section, the crack grows along
the surface of symmetry, thus the specimen rotation is
small. In the case of mixed-mode I+ II the crack goes
off the plane of symmetry which causes the rotation of
specimens. The boundary conditions used in our code
prevent this rotation; and this causes some discrepancy
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Fig. 17 Experimental results for mixed-mode I+ II loading of
specimens CT_31, CT_32 and CT_33 with the initial straight
cracks of length a = 13.47, 14.01, 12.98mm, respectively (the
hole is located at b = 15.80mm). a The crack paths are plotted
(the reference is taken to be the tip of the notch). b Load versus
COD. First, the CT specimens were loaded to grow the straight
mode I cracks of initial length a (family of curves labeled Step
1). Then, a hole was introduced into these specimens and they
were reloaded (family of curves labeled Step 2)

with the initial crack length measured from the fracture
surface. Thismesh contains approximately 52,000 hex-
ahedral elementswith only one element in the thickness

direction with periodic boundary conditions imposed
in this direction. The region that contains the expected
path of the crack was meshed with very small element
size of h = l0/4, where l0 = 100µm; both structured
and unstructured mesh geometries were used in order
to evaluate potentialmesh effects on the crack path. The
initial natural crack which was generated by the razor
blade impact in the experiment is modeled by prescrib-
ing the phase-field nodal value to zero for nodes on
the central line element within the initial crack length.
The simulationwas performed by incrementing the dis-
placements at the nodes corresponding to the loading
pins in the experiment (identified as points A and B
in Fig. 18). This simulation was run on 80 processors;
and it took about 2h to complete (each staggered iter-
ation took about 500 iterations to converge). The sim-
ulation results and comparison with experimental data
for specimen CT_24 are shown in Fig. 19, where the
load-COD variation as well as the crack length vs COD
variation are shown. The crack “tip” in the phase-field
simulation was identified as the farthest location from
the notch, along the initial crack line at which the phase
field parameter reached its critical value cc. The load-
COD curve from the simulation matches the experi-
mental result very well, with an initial elastic response
of a stationary crack up to a CODof about 0.16mm and
then followed by a drop of the load as the crack begins
to grow. Crack growth followed the line of symmetry
for this mode I loading condition; the load-COD curves
from both simulation and experiment agree well with
each other during this stage. Considering the fact that
repeated experiments on nominally the same geome-
try resulted in crack initiation at different critical lev-
els, (mainly as a result of possible bluntness and other
irregularities of the crack tip) both load-COD and crack
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• Glass slabs heated up then quenched in 
cold water.


• 2 parameters: shock intensity Δθ, quenching 
speed V 

• 3 regimes: straight, oscillating, erratic.  
• Limited sources of experimental data. 

Yuse-Sano experiment

Dynamics of quasistatic directional crack growth

O. Ronsin and B. Perrin
Laboratoire de Physique de la Matière Condensée, Ecole Normale Supérieure, 24 rue Lhomond, 75231 Paris Cedex 05, France

⇥Received 2 May 1997⇤

We report extended experimental results on the dynamics of quasistatic directional crack growth in a brittle

material. Straight propagation, characterized by both the propagation threshold and the crack tip equilibrium

position, enables, within the Griffith energy balance framework, the extraction of the fracture energy and its

dependencies with temperature and crack velocity. It is shown that the apparent variations of the fracture

energy with crack velocity are an effect of the local temperature at the crack tip, which controls the relative

humidity. The oscillating instability of the propagation is described and the results are compared with recent

theoretical work, showing that the sensitivity to details of the experimental conditions implies special care for

quantitative comparison. ⌅S1063-651X⇥98⇤02102-3�

PACS number⇥s⇤: 46.30.Nz, 62.20.Mk

I. INTRODUCTION

The study of crack growth has recently been subject to a
renewal of interest among physicists. This is essentially due
to the nonlinear properties of this moving boundaries prob-
lem, which the various tools developed to study dynamical
systems may help one to understand. Recent studies of crack
growth systems have focused on the formation of patterns,
either by fragmentation ⌅1�, dessication ⌅2�, or crack interac-
tion ⌅3,4�, and the dynamical instabilities observed during
crack propagation. This last point has received much atten-
tion, both from experimental ⌅5–8� and theoretical ⌅9–13�
points of view. Though the nature of some instabilities has
been described, their mechanisms are not yet well under-
stood.
Recent experiments ⌅6,7� have shown, because of the lo-

calization of the growth front ⇥the crack tip⇤ as in directional
solidification, the ability to control the propagation over a
wide range of quasistatic velocities. In this paper, we present
results on the dynamics of a single crack in a directional
growth experiment, extending previous work ⌅7�.
After describing the experimental setup, we will show in

Sec. II that this system exhibits various propagation states,
depending on the amount of elastic energy stored in the
samples, which enables the experimental investigation of
fundamental problems in brittle fracture, while controlling
the crack front velocity. Among these states, we will focus in
Sec. III on straight propagation, by studying both the propa-
gation threshold and the equilibrium crack tip position dur-
ing propagation. Confrontation with an elastic model gives
access to the fracture energy of glass, as well as its depen-
dencies with the control parameters of the experiment. We
will then assess in Sec. IV the problem of the stability of
straight crack, and using the results obtained on the fracture
energy, we will quantitatively confront our experimental data
with models of quasistatic crack stability.

II. PROPAGATION STATES

The experiment is analogous to directional crystal growth:
a crack front is spatially localized within a thermal gradient,
and propagation is achieved by driving hot glass samples

into a cold bath at constant velocity V ⇥Fig. 1⇤. The samples
are thin soda-lime glass plates of thickness e less than a
millimeter, length of about 1 m, and width L between 3 and
40 mm. The plates are driven through two temperature baths:
they first pass through an oven at temperature T0⇥⇧T , made
of two parallel heating elements, separated by a 1.1 mm gap
to enable the translation of the glass plate without friction
while ensuring good thermalization; then the plates dip into a
large basin of about 30 liters of water at ambient temperature
T0. A circulation of water maintains a constant level of the
surface and increases the efficiency of the cooling of the
plate. The dynamic meniscus present at the contact between
the glass and the water is controlled by preparation of the
glass surfaces with a hydrophobic solution ⌅14�, which im-
poses a roughly constant contact angle of 90°. These precau-
tions enable a control over the distance h between the heater
and the cooling bath to within 0.5 mm, for values between 5
and 10 mm. The driving of the glass plates at constant ve-
locity V is ensured by a stepping motor, paced by a TTL
clock signal, within the range 0.01 to 10 mm s�1.
The stationary thermal field thus induced inside the glass

FIG. 1. Schematic setup of the directional crack growth experi-

ment: a thin glass plate of thickness e⇤0.9 mm and width L is

driven at constant velocity V from a heater ⇥temperature T0⇥⇧T),
into a water bath ⇥temperature T0), at a distance h⇤5 mm lower.

The resulting thermal field induces stress in the plate that can trap

the crack tip in the region between the two temperature baths. Then,

as the plate moves within the thermal field, the crack front grows

through the glass at the controlled velocity V .
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Fig. 1. – Experimental setup for directional crack growth: a glass plate 0.9 mm thick and of width L,
is driven at constant velocity V from a heater (temperature T0+⇠T ), into a water bath (temperature
T0), at a distance h below. The resulting thermal field induces stress in the plate which can localize
the crack front in the region between the two thermal baths.

Fig. 2. – Scanned image of a glass plate seeded by several cracks (lower edge): only 10 of them gave
a propagating crack. After a transient regime, the system reaches a stationary state where the cracks
are regularly spaced inside the plate, except close to the lateral edges.

The experimental setup (fig. 1), is described in details elsewhere [11]; a thin soda-lime
glass plate 0.9 mm thick is driven at constant velocity V = 0.01–10 mms�1, from an oven
(at temperature T0 +�T = 30–200⇥C) into a cold bath of circulating water (at temperature
T0 � 20–30⇥C). The resulting thermal field in the glass plate is controlled by one out of
three lengths [11]: the distance h = 5 mm between the temperature baths at low velocities,
the thermal-di+usion length dth = D/V (where D = 0.5mm2 s�1 is the thermal-di+usion
coe⌃cient of glass) at intermediate velocities, and the half thickness e/2 of the glass plate at
higher velocities. The present study is restricted to the first two regimes (V < 1mms�1),
where the system can be considered as two-dimensional.

The amount of energy required for crack nucleation is much higher than for growth, and the
glass plates are seeded for the available elastic energy to only control the cracks propagation. We
can thus prepare the number and the localization of the cracks. Figure 2 shows the characteristic
dynamical behavior of a multicrack pattern obtained in a directional crack growth experiment
where the plate’s edge was prepared with a number of seeds larger than the expected number
of cracks. We observe that: i) the system selects a finite number N of seeds that give rise to
propagating cracks, and ii) these cracks, after a transient, reach a stationary state consisting
of a pattern of N straight parallel cracks, evenly spaced, except for the two boundary cracks.
Similar behavior has been observed in numerical simulations of a spring model [13].

The transient shows two distinct stages: first, the temperature field inside the glass plate
reaches a stationary state after a transient of characteristic time ↵ � h2/D � 50 s. As the
driving velocity is chosen lower than 1mms�1, stationarity requires a minimal propagation
length of a few centimeters. The second stage consists in a reorganization of the pattern through
the interactions between cracks, and between the cracks and the boundaries (the plate’s lateral

�40
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1. Introduction

Bahat (1991) observed the propagation of multiple cracks with impressive oscil-

lations in their path in a thermally loaded glass flask, as shown in Fig. 1. Because

the wavelength of the oscillation is much larger than the intrinsic scale of fracture

in glass, this oscillatory behavior is deterministic and can be attributed to the charac-

teristics of the local stress field generated by the thermal gradient rather than to a

statistical process. Recently, Yuse and Sano (1993, 1997) performed an interesting

repeatable experiment and observed similar oscillations in the crack path. In their

experiment, a thin glass plate was translated at a constant speed V (in the range 0.5

to 50 mm/s) from a hot oven into a cold water bath at some distance, h, below the

oven. Post-mortem examination of the cracked glass plate showed that the crack

path bifurcates from a straight to an oscillatory to a branched geometry under a

Fig. 1. Multiple oscillatory crack growth in a thermally quenched glass flask (from Bahat, 1991).



• Quantitative comparison difficult without direct access to material 
properties and experimental data.


• Impact of nucleation, heat transfer on simulations.

• Impact of crack geometry on heat transfer?

Numerical simulations
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Issues and proposed benchmarks
• Fracture community is focused on V&V, not benchmarks


• Verification: lots of closed form solutions, not all applicable (SIF 
computations near configurations that cannot be attained!)


• Validation: good experiments are hard, experimental literature can be 
sloppy, materials not well quantified.


• Benchmark problems are skewed towards specific class of models (few 
with mixed mode, complex path, …)


• Surfing problem (propagation, ERR, dependance on curvature)


• Uniaxial tension (elastic domain, critical nucleation stress, closed form 
solution.


• Pacman (nucleation with varying singularity), lots of experimental data.


• Mixed mode, complex path, renucleation?


• Performance comparison: is it enough to upload benchmarks? How about 
VM / containers and data files?


